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(~| , Abstract 

-<— ' ■ 

C^ , In this paper, we study backward doubly stochastic differential equa- 

tions driven by Brownian motions and Poisson process (BDSDEP in short) 
with non-Lipschitz coefficients on random time interval. The probabilistic 
interpretation for the solutions to a class of quasilinear stochastic partial 
►^ , differential-integral equations (SPDIEs in short) is tthe solutionBDSDEP. 

^^ ' Under non-Lipschitz conditions, the existence and uniqueness results for 

f^ , measurable solutions of BDSDEP are established via the smoothing tech- 

^T ' nique. Then, the continuous dependence for solutions of BDSDEP is derived. 

Finally, the probabilistic interpretation for the solutions to a class of quasi- 
lO ' linear SPDIEs is given. 

^^ , keywords: Backward doubly stochastic differential equations, stochastic 

partial differential-integral equations, random measure, Poisson process 

1 Introduction 



C^ ^ Nonlinear backward stochastic differential equations with Brownian motions as 

noise sources (BSDEs in short) have been independently introduced by Pardoux 
and Peng [7] and Duflfie and Epstein [3]. By virtue of BSDEs, Peng [9] has given a 
probabilistic interpretation (nonlinear Feynman-Kac formula) for the solutions of 
semilinear parabolic partial differential equations (PDEs in short). In [9j, Peng 
also gave an existence and uniqueness result of BSDEs with random terminal 
time. And then Darling and Pardoux [3] proved an existence and uniqueness 
result for BSDEs with random terminal time under different assumptions. They 
applied their result to construct a continuous viscosity solution for a class of 
semilinear elliptic PDEs. 
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A class of backward doubly stochastic differential equations (BDSDEs in 
short) was introduced by Pardoux and Peng [8] in 1994, in order to provide 
a probabilistic interpretation for the solutions of a class of semilinear stochastic 
partial differential equations (SPDEs in short). They have proved the existence 
and uniqueness of solutions for BDSDEs under uniformly Lipschitz conditions. 
Since then, Shi et al. [11] have relaxed the Lipschitz assumptions to linear growth 
conditions. Bally and Matoussi [1] have given a probabilistic interpretation of the 
solutions in Sobolev spaces for semilinear parabolic SPDEs in terms of BDSDEs. 
Zhang and Zhao [16] have proved the existence and uniqueness of solution for 
BDSDEs on infinite horizons, and described the stationary solutions of SPDEs 
by virtue of the solutions of BDSDEs on infinite horizons. 

BSDEs driven by Brownian motions and Poisson process (BSDEP in short) 
were first discussed by Tang and Li [14j. After then Situ [12j obtained an existence 
and uniqueness result for BSDEP with non-Lipschitz coefficients, so as to give a 
probabilistic interpretation for solutions of partial differential-integral equations 
(PDIEs in short). Barles et al. [2j and Yin and Mao [15] discussed viscosity 
solutions for a system of partial differential-integral equations in terms of BSDEs 
with jumps. Recently BDSDEs driven by Brownian motions and Poisson process 
(BDSDEP in short) with Lipschitzian coefficients on a fixed time interval were 
discussed by Sun and Lu [13] . 

Because of their important significance to SPDEs, it is necessary to give in- 
tensive investigation to the theory of BDSDEs. In this paper we study BDS- 
DEs driven by Brownian motions and Poisson process (BDSDEP in short) with 
non-Lipschitzian coefficients on random time interval. Here the coefficients are 
assumed to be weaker than linear growth, continuous and to satisfy some weak 
"monotone" condition. BDSDEP can provide more extensive frameworks for 
the probabilistic interpretations (so-called nonlinear stochastic Feynman-Kac for- 
mula) for the solutions of a class of quasilinear stochastic partial differential- 
integral equations (SPDIEs in short). First, We establish the existence and 
uniqueness results for measurable solutions of BDSDEP based on the smoothing 
technique. Then we discuss the continuous dependence for solutions of BDSDEP. 
Finally, by virtue of BDSDEP, we show the probabilistic interpretation for the 
solutions of a class of quasilinear SPDIEs. 

The paper is organized as follows. In Section [2l the basic assumptions are 
given. In Section [3l the existence and uniqueness for BDSDEP with non-Lipschitz 
coefficients on random time interval is proved. In Section HI the continuous 
dependence for solutions of BDSDEP is discussed. Finally, in Section [5l the 
probabilistic interpretation for the solutions to a class of quasilinear SPDIEs is 
given by virtue of this class of BDSDEP. 

2 Setting of the problem 

Let ($7, J", P) be a complete probability space, and [0, T] be an arbitrarily large 
fixed time duration throughout this paper. We suppose {/t}t>o is generated by 
the following three mutually independent processes: 



(i) Let {Wt; < t < T} and {Bt; < t < T} be two standard Brownian mo- 
tions defined on (17, J-", P), with values respectively in M and in M . 

(ii) Let A^ be a Poisson random measure, on M_|_ x Z, where Z C M'' is 
a nonempty open set equipped with its Borel field B{Z), with compensator 
N{Azdt) = A(dz)dt, such that N{A x [0,t]) = {N - N){A x [0,t])t>o is a martin- 
gale for all A € B{Z) satisfying A(^) < oo. A is assumed to be a cj-finite measure 
on {Z,B{Z)) and is called the characteristic measure. 

Let TV denote the class of P-nuU elements of J-". For each t € [0, T], we define 
Tt = T}^ \/ T^rpV TI^ , where for any process {rjt}, J^i = a {??r — ^is^ s < r < t}\/J\f, 
Fi = Tq^. Note that the collection {J-f,t G [0,^]} is neither increasing nor 
decreasing, and it does not constitute a classical filtration. 

Let T = {t{uj)} be an J^^-measurable time on [0, T]. We introduce the following 
notations: 

S ([0,r];M") = {vt,0 < t < t, is an M"-valued, J't-measurable process 
such that E{ sup \vt\ ) < oo}, 

0<t<T 

M^(0, r;]R"') = {vt,0 < t < t, is an M"-valued, J^t-measurable process 

such that E / \vt\'^dt < oo}, 
Jo 

-F;y(0, t;M") = {kt,0 < t < T, is an M"- valued, J-i-measurable process 

such that E / \kt{z)\'^ X{dz)dt < oo}, 
^0 Jz 

L^/n(M"') = {k{z), /c(z) is an M^-valued, S(Z)-measurable function 

such that llfell = ( / |A:(z)pA((iz))^/2 < ^^^ 
Jz 
L (il, J>,P;IR"') = {,^, ^ is an M"- valued, Jv-measurable random variable 

such that E\S^f < oo}. 

Consider the following BDSDE with Brownian motions and Poisson Process 
(BDSDEP in short): 

Pt = e+ / f{s,P,,Qs,Ks)ds+ / g{s,Ps,Qs,Ks)dB, 

JtAr JtAr 

QsdWs -11 K,{z)N{dzds), t > 0, (1) 

tAr JtAr J Z 



where ^eL^{n,J^r,P;^ 



/: J]x [0,r] xR" xW""^ xLJ 



and 



g:nx[0,T]x M" x M"^'^ x LJ ^™"^ ^ ™"^' 



We note that the integral with respect to {Bt} is a "backward Ito integral" and 
the integral with respect to {Wt} is a standard forward Ito integral. These two 



types of integrals are particular cases of the Ito-Skorohod integral (see Pardoux 
and Peng [8]). We use the usual inner product (•, •) and Euclidean norm | • | in 
M", R"^' and M"^*^. All the equalities and inequalities mentioned in this paper 
are in the sense of dt x dP almost surely on [0, r] x ri. 

Definition 2.1 A solution of BDSDEP (Cp is a triple of J-t-measurahle stochastic 
processes {P,Q,K) which belongs to the space S^{[0,t];W) x M'^{0,t; M"^'^) x 
F2,(0,t;R") and satisfies BDSDEP |2p. 

We assume that 
(HI) eG^'(f^,^r,P;M"); 



(H2) f{t,p,q,k), g{t,p,q,k) are continuous in {p,q,k) G M" x M"^'^ x LlfJW); 



(H3) / = /i + /2, fi = fiit,p,q,k) ■.nx[0,T]x M" x M^x'^ x L2(.^(M") ^ R-, 
z = 1,2, and g{t,p,q,k) are J"j-measurable processes, such that for all t G 

[0,r];p,pi,p2 GM"; q,qi,q2 eW"""; k,ki,k2 e Ll^,^{W), 

\fi{t,p,q,k)\ <^(t), 

|/2(t,p,g,/c)| <f^{t){l + \p\ + \q\ + \\k\\), 

\g{t,p,q,k)\ < n{t), 

where fi{t) > is real and non-random function such that ft = Jq fj?{t)dt < 

00. 

(H4) for ah t G [0,r]; p,pi,p2 G M'^; q,qi,q2 G K"''"'; A;,A;i,A;2 G ^^^.^(M"), such 
that 

(r -P2,fi{t,Pi,qi,ki) - fi{t,p2,q2,k2)) 

< /^(p(|pi - P2p) + |pi - P2|(|gi - 92! + ||A;i - /C2I)), 
\fi{t,p,q,ki) - fi{t,p,q,k2)\ < n\\ki - k2\\, 
\f2{t,Pi,qi,ki) - f2{t,P2,q2,k2)\ 

< fi{\pi -P2I + \qi - 92! + 11^1 - hW), 

\g(t,pi,qi,ki) - g{t,p2,q2,k2)\^ 

< fl{\pi -P2p + \Pl -^21(191 - 92! + Il/Cl - k2\)), 

where /x > is a constant, and /)(•) is a nondecreasing, continuous and 
concave function from /?+ to /?+ such that p(0) = 0, p{u) > 0, as u > 0, 
and Jg+ du/p{u) = +00. 

3 Existence and uniqueness of solutions to BDSDEP 
with non-Lipschitz coefficients 

In order to prove the existence and uniqueness results of solutions to BDSDEP 
with non-Lipschitz coefficients on random time interval, we introduce the follow- 
ing lemmas and theorems. 



Lemma 3.1 (A priori estimate). Under the assumption (H3). If {Pt,Qt,Kt) is 
a solution of (CP, then 

E(sup\Pt\'^+ I \Qt\^dt+ I \\Ktfdt] <Ct<oo, 

\t<T Jo Jo J 

where Ct > is a constant depending on T, Jq fx'^{t)dt and i^l^l^ only. 
Proof. From (H3), we easily have 

{p,fit,p,q,k))<fi{t){l + 2\p\^+\p\{\q\ + \\k\\)), 

where fi{t) has the property stated m (H3). Applying Ito's formula to |i-tp, we 
have 



E{ \PtAr\^+ r \Qs\^ds+ I \\K£ds 

JtAr JtAr 



= E\i\^ + 2E {P„fis,P„Qs,Ks))ds + E \g{s, Ps,Qs,K,)fds 

JtAr JtAr 

< E\^\^ + 2E f ^(s)(l + 2|P,l2 + lP,l(lQ,| + ||i^,||))(is + /2, 

JtAr 



It At 

we deduce 



E(\PtAr\^ + l: r \Qs\''ds+}- r WKsfds) 

\ ^ JtAr ^ JtAr J 

< E\i\^+T + 2J1 + E j {A^l{s) + 2^l'^{s))\Ps\^ds. 
By Gronwall inequality, we have 

E{\PtAr? + \ r \Qs\^ds + l r WKsfds) <Ct, 

\ ^ JtAr ^ JtAr J 

where 

Ct = {E\i\^ +T + 2fl) exp ( f {Afi{s) + 2fi^{s))dsj . 



In particular, 

E f |Pol' + \f IQsl^ds + ^j^ WKsfds] < Ct. 
Applying Ito's formula to |Ptp on [0,t A r], we have 



IP |2 



rtAT rtAT 

|Po|' + 2/ {Ps,fis,Ps,Qs,Ks))ds + 2 {Ps,g{s,Ps,Qs,Ks))dBs 

Jo Jo 

rtAr f-tAr r- ^ 

-2 {Ps,Qs)dWs + 2 {Ps,Ks{z))N{dzds) 

Jo Jo Jz 

/•tAr i-tAr i-tAr 

+ / \g{s,Ps,Qs,Ks)\^ds- \Qs?ds+ WK^fds. 

Jo Jo Jo 



Taking supremum and expectation, we get 



E sup iPtArl 

t<T 



< E\Po\'^ + 2E [ n{s)il + 2\Ps\'^ + \Ps\{\Qs\ + \\Ks\\))ds+ [ fi^{s)ds 
Jo Jo 

f'T pT rtAr 

+E \Qs\^ds + E \\Ksfds + 2Esnp\ {Ps,g{s,Ps,Qs,Ks))dB, 

Jo Jo t<T Jo 

ptAr ptAr p 

+2EsupI / {Ps,Qs)dWs\ + 2E sup \ {Ps,K,{z))N{dzds)\. 

t<T Jo t<T Jo JZ 

By Burkholder-Davis-Gundy's inequality, we deduce 

r-tAr 



E ( sup 



i-IAt \ 

/ {Ps,g{s,Ps,Qs,K,))dBs\ 



< CE{ I \PsAr\-\9{s,Ps,Qs,Ks)\'ds 

< CE \i sup |PfAr 



1/2 



/ f'T 

/ \g{s,Ps,Qs,Ks)\^ds 
^ _ Jo 

< \Esup\PtAr\^ + 2c^ f fi\s)ds. 

O t<T Jo 

In the same way, we have 



ptAr 1 f'T 

Esup\ {Ps,Qs)dWs\ <-E sup \PtAr\'^ + 2c^ \Qs\'^ds 

t<T Jo ° t<T Jo 

rtAT r I 



l/2^ 



Ssupl / {Ps,Ksiz))N{dzds)\<-Esup\PtAT\+2c^ \\Ks\rds. 

t<T Jo Jz 8 t<T Jo 



Hence 



Esup\PtAr? < 4E\Po\'^ + AT + 8fl + 4E [ {Afi{s) + 2fi^{s))\PsAr\'^ds 

t<T Jo 

+4(1 + 2c^)E [ (|Q,|2 + \\Ksf)ds <Ct<oo. 
Jo 

D 

As a preparation for the study of BDSDEP ([T|, we first discuss a simpler 
BDSDEP as follows 



Pt = e + r f{s)ds + r g{s)dBs - r Q. 

JtAr JtAr J tAr 

Ks{z)N{dzds), t > 0. 



dW, 



tAr JZ 



(2) 



We have 



Lemma 3.2 Given ^ e L^{n,Tr,P;R'^), f{t) G M2(0,r;R") and g{t) G M'^{0, 
r;M'"^'), then ||j /las a unique solution in S^{[0,t];W'') x M^{0,t; M'"^"') x 
F2,(0,r;M"). 

Proof. Uniqueness. Let (P^,Q^) and (P^,Q^) be two solution of ([2]). Applying 
Ito's formula to |P/ — -P^^P, we have 

E\P,\^ - P^^^l' + E r \Ql-Ql\^ds + E r \\K]-Klfds = ^. 

JtAr Jt/\T 



Then 



and 



E\Pl^ - Pl^\^ = 0, E r \Ql - Qll^ds = 

JtAr 



E 



r \\Ki 

JtAr 



K^\\^ds = 0, 0<t<T. 



Hence P/ = P^, Qj = Q^ and K^ = K^ a.s.. The uniqueness is obtained. 
Existence. We define the filtration {Gt)Q<t<T by 



g^ = J-f V 7f V 7f 



and the ^j-square integrable martingale 



Mt = E 



e+ r f{s)ds+ r g{s)dBs\gt 
Jo Jo 



t >0. 



An obvious extension of Ito's martingale representation theorem (see [6]) yields 
the existence of {Qs,Ks) such that 

Mt = Mo+ [ Q.dWs +11 Ks{z)N{dzds), 







JZ 



and 



Particularly 



E 



I {\Qs 

Jo 



+ \\Ks\\^)ds < oo. 



or 



Mo + / QsdWs 

'0 



JZ 



Ks{z)N{dzds) 



Mr = i+ r f{s)ds+ r g{s)dBs, 
Jo Jo 



r-tAr f-tAr 

Mo+ / QsdWs+ I I Ks{z)N{dzds) 











i+ / f{s)ds+ / g{s)dBs 
Jo Jo 



QszdWs 



tAr 



tAT JZ 



Ks{z)N{dzds). 



(3) 



We set 

Pt = E 
It follows that 

Pt = E 



t > 0. 



^+ r f{s)ds+ r g{s)dBs\gt 

Jt/\T Jt/\T 



e+ r f{s)ds+ r g{s)dB,\Gt 
Jo Jo 

' r-tf\T i-tf\T 

-E / f{s)ds+ / g{s)dBs\Gt 
Jo Jo 

= Mo+ / QsdWs+ / / Ks{z)N{dzds) 
Jo Jo Jz 

ptAr r-tAr 

- f{s)ds- g{s)dBs. 

Jo Jo 

This with ([3]) implies that {Pt,Qt,Kt) solves ^. D 

In the following of this section we derive the existence and uniqueness results 
for solutions of BDSDEP on random time interval with Lipschitzian and non- 
Lipschitzian coefficients. The first one, that is Theorem 13.31 deal with the case 
where / is Lipschitz continuous. 

Theorem 3.3 Under the assumptions (Hl)-(H^), if /i = 0, l^has a unique 
solution {Pt,Qt,Kt) in 52([0,r];R") x Af2(0,r; W"^) x F^(0,r;M"). 

Proof. We define recursively a sequence {(-Pi ,(5i,i^j)}j=o,i,... as follows. Let 
po = 0,Q? = 0,i^t° = 0. By Lemma [321 for any {PIqIkI) G 52([0,r];M") x 
M2(0,t; W^'''^) X F2,(0,r;M"), i = 1,2 there exists unique (P/+\ QJ+\i^t^+^^ 
satisfying 

Pt^ = i+ [j{s,PlQ\,Ki)ds+ f g{s,PlQi,Ki)dBs 



4 )^ 



Ql+'dWs - / Kl+^{z)N{dzds), t > 0. 

ItAr JtAr Jz 



T>nxd\ 



Moreover, by LemmaO (P/+\ QJ+\-ft:t^+^) G 52([0,t];M") x M^{0,t; 
F2(o,r;M"). 

Let P/+^ = P;+^ - Pi, QJ+^ = QJ+^ - Qi, Kl+^ = Kl+^ - Kl By the Ito's 



■ P/+.Ye"'^ % we have 



formula to \Pl'^j: 

E\PL - PLl'e-^' + PE f \Pl - P^A^e-^^ds 

JtAr 

+E r \Q\-Ql\^e-^'ds + E r \\kI 

JtAr JtAr 

= 2E r {P} - Pl f{s, PlQlK]) - f{s, Pi QIRD) e~^'ds 

JtAr 

+E r \g{s,PlQlKl)-g{s,PlQlKl)\^e-^'ds 

JtAr 



\\Kl-Klfe-^'ds 

32 r,2 f>2\\ ~l3s. 



JtAr 
+f,E r {\P} - P2|2 + |p^l _ p2|(|gl _ g2[ ^ ||^1 _ ^2 |j))g-/3s^^ 
JtAr 

< \e r {\P} - Pf p + \Ql -Q'f + \\Kl - K^f) e~^^ds 

^ JtAr 

f'T f'T 

+12fiE / \P} - P^\^e~^'ds + 3^iE / \P} - P^l'^e'^'ds 

JtAr JtAr 

^ JtAr 



HAt 

we deduce 



E\Pl^ - Pl,\\-P' + (/3 - l2n)E r \P} - P^\'e-^^ds 

JtAr 

+E r IQl-Qll^e-^'ds + E r \\KI - K^J^-l^'ds 

JtAr JtAr 

< Ie r {\Ql-Q',\' + \\Kl-K]f)e-^^ds 

^ JtAr 

+ d + 3fi)E r \Pl-P^\\-^^ds, 

^ JtAr 

Now choose /3 = 12^ -\ , and define c = . 

E\P}Ar-Plr?e-^' 

+ r {c\P} - Pf |2 + \Ql - Q2|2 + ll^'l _ i^2||2) g-/3s^^ 
JtAr 

< \e r {C\P} - P!\' + \Ql - g^|2 + 11^1 _ ^2||2) ^-ps^^^ 
^ JtAr 

It follows immediately that 

E r {c\P} - Pf [2 + \Ql - Q2|2 + 11^1 _ ^2||2^ g-/3s^^ 
JtAr 

< \e r {c\Pl - Ph' + \Ql -Ql\^ + \\Kl - K^,f) e-^^ds, 

^ JtAr 

and {{PUQ\^ -ft^t)}i=o,i,... is a Cauchy sequence in ^^([O, r]; R") xM2(0, r; W""^) x 
F^(0,r;M'^), and that' 



{(P,Qi,i^t)}= lim{(P/,gj,/^^)} 



solves ([I]). D 

The next theorem is the main result of this section, which generalizes the result 
of Theorem 13.31 to the case where / is continuous but not Lipschitz continuous. 

Theorem 3.4 Under the assumptions (H1)-(H4), then m)has a unique solution 
{PuQuKt). 



ProoL Uniqueness. Let {Pj,Ql,Kl) and {P^,QI,K'^) be two solutions of ([I]). 
Applying Ito's formula to \Pg — Pg\'^, we obtain 

E(\P,\,-Pi^,\''+ r \Ql-Q^fds+ r \\Kl-K^,fds) 

\ JtAr JtAr / 

= 2E r {Pl -Plf{s,PlQlKl)- f{s,PlQlKl))ds 

JtAr 

+E r \g{s,P},Ql,Kl)-g{s,PlQlK^)fds 

JtAr 
< 2f,E r (p(|Pi - P2|2) + \pl _ p2|(|gl _ g2| ^ ||^1 _ ^2||))^^ 
JtAr 
+I,E r {\P} - P2|2 + |p^l _ p2|(|Ql _ q2| ^ 11^1 _ ^2||))^^_ 
JtAr 

Prom (H4), we have 

Xt = E(^\P,\,-P^^,\^ + ^£\Ql-Ql\'ds + ^£\\Kl-K^J^ds^ 

< IJiE r {2p{\Pl - P2|2) + ll|p^l _ p2|2)^^ 

JtAr 

< Up I piiXs)ds, 



where 

pi{u) = 2p{u) + 16n. 
By the Bahari's inequality, we obtain 



E (\Pl^, - P2^,|2 + r \Ql - Ql\^ds + r \\Kl - K'',fds) = 0, 

V JtAr JtAr J 

for alH e [0,r]. 

It implies that for all t G [0, T] 

E\Pl^, - Pf^,\^ = 0, E r \Ql - Qll^ds = 0, E r \\Kl - K^fds = 0. 

Jo Jo 

Existence. For simplicity we assume that /2 = 0. (In case /2 7^ we can just 
smooth out /i and proceed as follows.) Let us smooth out / to get /"■, i.e. let 

nt, P, Q,K)= I fit, P - n~^P, Q - n-^Q, K)J{P, Q)dPdQ, 

J^n+nxl 

where J{P,Q) = Ji{P)J2{Q), and Ji(P) is defined, for all P E M", 

coexp(-(l - |Pp)"^), as |PI < 1, 



T ( P) 

' 0, otherwise, 



10 



such that the constant cq satisfies /jg„ J{x)dx = 1. J2(Q) is similarly defined for 
any Q G M"^'^. It easy to check that 

ir(t,,Pi,Qi,ifi)-r(t,P2,Q2,i^2)i 

< Cn^^{\Pl - P2I + \Qi - Q2I + lli^i - i^2||) , 

as {Pi,Qi,Ki) € R" X M"^''^' x ^^^.^(M"), i = 1, 2. Hence by Theorem 3.3, for each 
n = 1,2,- •• , there exists a unique solution {Pl^,Q'^,K^) to solve the following 
BDSDEP 

JtAr JtAr 

- / Q^dVFs - / / K^{z)N{dzds). (4) 

^tAr Jt/\T J Z 

Applying Ito's formula to |P" — P™| , we have 

JtAr JtAr 

JtAr 

+ r \g{s,P^,Q^,,K^)-g{s,P^,QT,KT)?ds 

JtAr 

-2 r {p^-Pp,Q^-Q^)dWs 

JtAr 

+2 r (p;-pr,5(s,pr,g^i^r)-5(s,pr,Qr,^r))'ii?« 

JtAr 

-2 r [ (p; - pf , i^r - KT) N{dzds) = J2h. 

JtAr J Z ^^^ 

Note that 

h = 2 r (P; - Pr , / (/(., P; - n-'P, Q: - n-iQ, K^) 

-f{s, y™ - m"ip, Z™ - m-iQ, K^))JiP, Q)dPdQ)ds 



< ^/ / ((p(ipr-pr-(n^'-m-^)pi') 

JtAr JR"+"X' 

+ \\K'^ - iiT^ID) + |n-i - m~^||P|2)J(P, Q)dPdQds. 
Since by Lemma |3. II for all n 

p(sup|P/^|2+ /" \Q'i\'^dt+ I WK'^fdt] <Ct< 00. 

\t<T Jo Jo J 



11 



Hence 

\ JtAr JtAr / 

< Crin' + m) r / iAE\P^Ar - PT^r - in-' - m-')P\') 

+E\P^^^ - P^^^\^)J{P, Q)dPdQds + CT{n~^ + m-i). 
Note that 

p[2E\Y^^, - yXl' + 2(n-i - m-i)2|P|2) < p^ACr + 2jPp). 
But by assumption it yields that 

/ p(4Ct + 2|yp) J(P, Q)dPdQ < p(4Ct + 2) < oo. 

Hence by Lemma 13.11 and by the Fatou lemma it is easily seen that 

limsupi?|PrAr-^iArl'+limsupi? r {\Q^-Q^\^+\\K2-K'^f)ds 

n,m^K>D n,m— >oo JtAr 

< Ct{i? + P^)J piflimsup2S|P,V-P™j2A^s, 

where p\{u) = p{u) + u. By the Bahari's inequality, we obtain 
limsup^lPj'^^ - Pl^^\^ = 0, for all t £ [0,T], 



and 



sup-E r (IQ^ - Q™|2 + \\K2 - K^f) ds = 0. 

-^oo Jo 



lim 

n,m— >oo Jo 

These, together with the Burkholder-Davis-Gundy's inequality, yield 

lim E sup |R"-Prp = 0. 

n,m^oo o<t<r 

By the completeness of Banach space, we know that there exists a unique (P, 
Q,K) €52([0,t];M") x M2(0,t;M"^'^) xF|r(0,r;M") such that as n ^ oo, 

E sup iP/'-Ptp^O, 

0<t<T 

E f IQ'^-Qsl'^ds^O, 







E I \\K^-Ksfds^O. 





Therefore we can take a subsequence {n^} of {n}, denote it by {n} again such 
that almost surely for {t,uj) E [0,T] x (7, 



{Pr,Q7,K^) ^ {PuQuKt) in M" X M"X' x L,(.)( 
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Hence by the continuity of / in {P,Q,K), (H3), Lemma [3?T] and the Lebesgue 
domination convergence theorem, we have that 

Jo 

It is easy to check that {P, Q, K) is a solution of ([1]) by taking the hmit on both 
sides of g]). D 

4 Continuous dependence for solutions of BDSDEP 

In this section, we discuss the continuous dependence for solutions of BDSDEP 



Theorem 4.1 For m = 0, 1, 2, • • • 

(i) f"" = f"^{t,p,q,k) : [0,r]xM"xM"^'^xL2^.-)(M") 
such that P-a.s. 



l" are T^ -measurable 



{p, r{t,p, q, k)) < ^(i)(i + bp + \pm + \k\)), 

where fi{t) has the property stated in (H3); 
(ii) for aUpi,p2 € W;qi,q2 S M"^'='; A;i, A:2 G Ll^,^{R'^), such that P-a.s. 

{Pi -P2,f(.t,pi,qi,ki) - f{t,p2,q2,k2)) 
< P{t)ip{\pi - P2p) + bi - P2\i\qi -q2\ + \ki- k2\)), 



where p{-) has the property stated in (H4); 



(Hi) g^ =g'^{t,p,q,k) : [0, T] xE" xM^^'^xL^, ,(M") ^ M"x' are Tt-measurable 



such that P-a.s. 

\g"'it,p,q,k)\<f,it), 
\g'^{t,pi,qi,k,)-g^{t,p2,q2,k2)\^ 

< /i(t)(ipi - P2p + \pi - P2\{\qi - q2\ + \ki - k2\)), 

where fi{t) has the property stated in (H3); 
(iv) hm sup /(f |/'"(t,p,g,A:)-/0(t,p,g,A:)|2dt = 0, 



™^°° — 'l",geR"Xd,fcGL2 (M") 



M-V 



lim sup f^\g"'{t,p,q,k)-g^{t,p,q,k)\'^dt = 0. 

'^'^ geK"X'',fceL2 (Ri) 



m— >oo 



(v) ^"^ is J^r-'^^O'Surahle and 

E\C - CT ^0, as m ^ oo, E\C? < oo. 
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// (P/", Qf^, Kf) are solutions of the following BDSDEP: asO<s<T 

f-Thr f-Thr 

PX = r+/ f"'{s,Pr,Q'r,Kndr+ g"'{s,Pr,Q'r,KndBr 

J sAt J sAt 

- \ g^AWr - / K];'{z)N{dzdr), m = 0, 1, 2, • • • , 

J sAt J sAt Jz 

then for all < s <T 

i-TAt 

lim E{ sup IPX - ^°Arl' + / i\QT - Qr\^ + ll^r™ " ^r f)^0 = 0- 

m^oo s<r<r JsAr 

Proof. Applying Ito's formula to |P™ — P^°p, it follows that 

< co{fi\s) + ^(.) + 1) (^£ pi(i?|px - nVP)d^ +E\r- ct) 

+CoE j \g"'{Pr,QT,Kn-9'{Pr,QT,Kr)\'dr, 



where 



Hence 



pi{u) = p{u) +u. 



limsup£;|P,7^ - Pf^^p < Co / (L{r)pi ( limsupS|P;;^^ - P^ArM dr. 



By the Bahari's inequality, we obtain 



limsupi5;|P™,-Pi'A,|2=0. 



It is easily derived that 

(■TAt 



lim e( I "(IQ™ - Q°|2 + ||i^;" - i^°f )dr^ = 0. 
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Applying Ito's formula to |PJ" — Pg\ on [0, t At], we have 

t<T 

Jo 

Jo 

- r \QT - Q°s?ds + r \\KT - K^sfds 
Jo Jo 

r-tf\T 

+2E sup / (Pr - Ps, r (s, Pr, QT, KT) - g\s, Pi Ql K^,))dB, 

t<T Jo 

-2E sup / (Pr - Pi QT - Q''s)dWs 

t<T Jo 

+2i^sup / / (Pr - PlK^iz) - K^{z))N{dzds). 

t<T Jo Jz 
By the similar arguments in Lemma |3. 11 we obtain 

lim E sup \P^^ - Pl^l"^ = 0. 

m-i-oo s<r<T 

D 

We also have the other useful continuous dependence for solutions of BDSDEP 
as follows: 

Theorem 4.2 For m = 0, 1, 2, • • • 

(i) /'"(^iPi^j^) c-i^s J- 1- measurable such that P-a.s. 

\r{t,p,q,k)\<Co{l + \p\ + \q\ + \k\), 

where Cq < is a constant; 

(ii) for allpi,p2 G R"-,qi,q2 G R"-'^^;ki,k2 G M", such that 

{Pl -P2,f"'{t,Pi,qi,ki) - f"^{t,p2,q2,k2)) 

< n{t)p{\pi -P2p) + \pi -P2f{\qi -92p + \ki - A;2p), 

where fj,{t) has the property stated in (H3) and p(-) has tthe property stated 
m (H4); 



(Hi) The same as (Hi) in Theorem \4.1\ 
(iv) lim f"'{t,p,q,k) = f^{t,p,q,k), P-a.s. 

m— >oo 

lim g'^{t,p,q,k) = g^{t,p,q,k), P-a.s. 

m— >oo 

(v) The same as (v) in Theorem \4.1\ 
Then the conclusion of Theorem \4-l\ still holds. 

The proof can be completed similarly as that of Theorem 14.11 
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5 The probabilistic interpretation of SPDIEs 

The connection of BDSDEs and systems of second-order quasilinear SPDEs was 
observed by Pardoux and Peng [8j . This can be regarded as a stochastic version of 
the well-known Feynman-Kac formula which gives a probabilistic interpretation 
for second-order SPDEs of parabolic types. Thereafter this subject has attracted 
many mathematicians, referred to Bally and Matoussi \l\, Zhang and Zhao [16], 
Hu and Ren ^, see also Ren et al. [lOj. In [5j, the authors got a probabilistic 
interpretation for the solution of a semilinear SPDIE, via BDSDEs with Levy 
process for a fixed terminal time under Lipschitzian assumption. This section 
can be viewed as a continuation of such a theme, and will exploit the above 
theory of BDSDEP with non-Lipschitzian coefficients and random terminal time 
in order to provide a probabilistic formula for the solution of a quasilinear SPDIE. 

Let D be a bound domain in M™ with boundary dD = S. 

First, consider the following forward SDE with Poisson jumps in M™ for any 
given (t,x) € [0,T] x D 



/•S PS 

Xt = x+ b{r,Xr)dr+ / g{r,Xr)dWr 
Jt Jt 



+ I h{r^,Xr_,z)N{dzdr), t<s<T, (5) 



where 

nrnxd 



b : [0, T]xW^ ^ M™, a : [0, T] x M™ -^ M"^^ h : [0, T] x E™ xZ ^ M'". 

It is known that, if coefficients are less than linear increasing, and satisfy the 
Lipschitz condition, then SDE ([5]) has a unique solution. (See |12j ) 
Now for any (t,x) G [0,T] x D, let 

T = Tx = mi{s > t : Xl'^ ^ D}, and t = t^ = T, for inf{(^}. 

Consider the following BDSDEP (for simplicity, denote Xg = Xg'^), 

pT pT 

Ps = ^{Xr)+ f{r,Xr,Pr,Qr,Kr)dr+ g{r, Xr, Pr, Qr, Kr)dBr 

J sAt J sAt 

QrdWr+ Kr_{z)N{dzdr), t<s<T, (6) 

_Ar J sAt J Z 

where 



/: 


: [0,r] xM'" xM" xM"^'^xL^(.) 


9 ■■ 


[0,r] xM*" xM" xE"^'^xL^(.) 


$ 


. ^m _^ ]^n_ 



nnxl 



Suppose that /(t, x, •, •, •) and g{t,x, ■,•,■) satisfy the conditions in Theorem 13.41 
uniformly for t and x, and suppose that E\^{Xt-)\'^ < cxd, then by Theorem [37 
BDSDEP dS]) has a unique solution {Pt,Qt,Kt) G ^^([Cr];]^") x M^{0,t;] 
xF^(0,t;M"). 
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We now relate BDSDEP ([6]) to the following system of quasilinear second- 
order parabolic SPDIE: 



JZu{t,x)dt 

= f{t, X, u{t, x), S/u{t, x)g{t, x),u{t, X + h{t, x, •)) — u{t, x))dt 

+g{t, X, u{t, x), S/u{t, x)g{t, x),u{t, x + h{t, x, •)) — n(t, x))dBt, 

V(i,x) G [0,T] xD 

u{T,x) = <^{x), V(t,x) e [0,r] X D; 

u{t,x) = $(x), v(t,x) e [o,r] X s, 



(7) 



where u : 



Lu 
Cu 

Lu 



n 



with 

Luk{t,x) 

+ / {uk{t,x + h{t,x,z)) -Uk{t,x) -y^hi{t,x,z)—^{t,x))X{dz), 
Jz ^ dx, 

k = 1,- ■ ■ ,n. 

Now assume that a is uniformly non-degenerate, i.e. there exists a constant 
/3 > 0, such that 

I "^ 

- Y^ {(Ta*)ij{t,x)iiij > /3|Cp, for ah ^ G R"", and (t,x) G [0,r] x D, 

where D = the closure of -D. Hence, SPDIE ([7]) is a true quasilinear type equation. 
We can assert that 

Theorem 5.1 Under the above related conditions, and b, a, h, f and g are 
of class C^ , and <& is of class C^. Suppose SPDIE ^ has a unique solution 
u{t,x) G Ci'2(0 X [0,r] X M'";M"). Then, for any given (t,x), u{t,x) has the 
following interpretation 

u{t,x)=Pt, (8) 

where Pt is determined uniquely by ([^ and (0). 

Proof Applying Ito's formula to u{t, Xt) (see Theorem 6 in [12]) on [s A r, r], we 
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^'"^ {r,Xr)dr 



dxidxj 



obtain 

u{t, Xr) - u{s A T, X^At) 

= r ^(r,X,)dr+ r f2h{r,Xr)^{r,Xr)dr 
J SAT dr y,Ar ■^ dxi 

+ / Vu{r,Xr)a{r,Xr)dWr+ / - ^{aa*)ij[r,Xr) 

J sAt J sAt ^ ^ -^ 

+ / / {u{r,Xr + h{r,Xr,z))-u{r,Xr))N{dzdr) 

JsAt Jz 

+ / {u{r,Xr+h{r,Xr,z))-u{r,Xr) 

Jsat Jz 

-'^hi{s,Xs,z) — {r,Xr))X{dz)dr. 

i=l * 

Because u{t,x) satisfies SPDIE ([7]), it holds that 

^{Xr)-u{sAT,XsAT) 

= / f{r,Xr,u{r,Xr),Vu{r,Xr)a{r,Xr,u{r,Xr)), 

J sAt 

u{r,Xr + h{r,Xr, •)) — n(r, Xr))dr 

+ / g{r,Xr,u{r,Xr),Vuir,Xr)air,Xr,uir,Xr)), 

J sAt 

u{r,Xr + h{r,Xr,-))-u{r,Xr))dBr+ / Vu{r,Xr)g{r,Xr)dWr 

JsAt 

+ / {u{r, Xr + h{r, Xr, z)) - u{r, Xr))N{dzdr). 

Jsat Jz 

It is easy to check that {u{t, Xt), Vu{t, Xt)a{t, Xt), u{t, Xt + h{t, Xt, ■))-u{t, Xt)) 
coincides with the unique solution of BDSDEP ([6]). It follows that 

uit,x) = Pt. 

D 

Remark 5.2 (B^can be called a stochastic Feynman-Kac formula for SPDIE ^, 
which is a useful tool in the study of SPDIE. 
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